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A Derivation of Secon-order Approximated Utility Function

A.1 Derivation of Second-order approximated utility function with
Default Risk

Government solvency condition stemming from Eq.(16) in the text is given by:

W, (1—6,)=C, 'SP, + BER (C, 1 SP,, )+ BERIR, (C.5SP.,, ) + -

with W, =C; 'R’ ,B, ,II,", which can be rewritten as:

W,(R") " =[(1—&)R"| "¢, 'SP+ B|(1-6,)R"] " REC,SP

[ o Rl S K

. , (A1)
+B2[(1-8,)R"| RIRI,CLSPL, +++

t 1T 2T 42
with. Notice that R =R* =(1—¢) .
Forwarding Eq.(A.1) one period yields:
W, (RY) " =[(1= 60 )R] AR+ B[(1- 800 )R] RELCASR,,
‘I‘ﬁz [(1_6t+1>RR]71 Rf+1Rf+2Cr;135Pt+3 +- |

Plugging the previous expression into Eq.(A.1) yields:
W,(R*) " =[(1-8)R"| "SR+ B(R") T RF(1-6,,)(1—6,) "W, .

In the period zero, the previous expression can be rewritten as:
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W, (R") " =[(1-6,)R"] " 'sR, + B(RY) " RE(1-8,)(1-8,) "W
Note that 9, is predetermined and is constant. Then,

W, (R") " =5Po+ B(R") "RE(1-6,)(1—6) ‘W, (A2)

with SPo=C,'SP,.

Let define LW, = SPo +ﬁ(RR)71R§(1—51)(1—5)71W1-

Taking logarithm the previous expression yields:
InLW, =InLW, —InLW +InLW

:In[LW°]+InLW
Lw
First order approximation of Eq.(A.2) yields:
W, (R") " =W/(R) "+ F(W,)g, (SPo — SP) + £ (Wy ) e (RS —R™)+ £ (W ), (& — )
+f<Wo )W <W1 _W)
=W(R") " +SPsp, +B(R") WRF} —B(1—6) Wsb, + Bww,
Dividing both sides of the previous expression yields:

o) (8) 5+ () = a-0) 5+

which can be rewritten as:

LW, | e = N LA
In[LW]_<1 6—B)sp, + Bry 51_661+ﬁw1,(A.3)

W LW, SP
where we use (RR) 1WO_1:|n[LV|;] n =

Taking logarithm of the LHS of Eq.(A.3) yields:
W,

InW, —InW —InR* :In[—o]—InRR
w . (A.4)

=w, —InR"

Combining Eq.(3) with Eq.(4) yields:

. A 5
w, =(1—8—03)sp, + By —ﬁmél + Bw, .

& 1_ ~ . . . .
Plugging o, :Térfl into the previous expression yields:



=(1—6—B)sp, + Bf — BF; + pw,. (A.5)
Integrating Eq.(A.5) forward yields:
w=(1-6-3)) E,|sp, + b 7 — b

t=0

FS
1-8—- 6 1-8-06
with @w=w, where we use:

_(1_S_ it ﬁ SR ﬁ s ﬁ
=(1-6-0) SPo + 7 6—ﬁr° 1—6—ﬁr +1—6—ﬁwl )
— (15— on B ~R B S B
_(1 6 6) Sp1+1—6—ﬁr1 1—5—ﬁ +1—5—ﬂW2 ’
— (15— on B AR B S B
=(1-6-7) Sp2+1—6—ﬁr2 1—6—ﬁr +1—6—ﬂW3 ,

Second order approximation of SP: = C;lse is given by:

—~ 1
Sp, = —C, +sp, + ECf —CSp, + 0(”5”3 ) (A.7)

-1

where we use ——t_—1=gp, .
c'sp '

Plugging Eq.(A.7)into Eq.(6) yields:
1 I} AR A
=(1-6-p3 ZE —c, +sp, + Zcf—ctspt+m<rtﬁ_rts)

Second-order approximation SP, =T7.Y, —G, is given by:

. (A.9)

SP.=SP+SP.(1,—7)+SP,(Y,~Y)+5P,(G,—G) +%SPTT (r,—7) +%SPW (Y, —v)
1 .
+ESPTY (1, —7)(Y, = Y)+s.o.tip. +o(||§||3)

which can be rewritten as:

N 1+ SP_ T . SR.Y
Spf:(1+wg)<7t+yt>_wggf+ wg[ g

" P T+ S.Y;y yf—|—27“'tyt]—|—s.o.t.i.p,+o(”§”3),

G
with Wy, =—.
(2]

First-order approximation of SP, =T,Y, —G, is given by:

TY TY G
Sp, = SP r+S_Pyt_S_Pgt+O(”€” )



Y | - . . .
Here, % is the elasticity of tax rate or output to primary balance. Thus, this equality

implies that the elasticity of tax rate to primary balance is equal to the elasticity of output
to primary balance. In addition, one percent increase in tax rate increases primary
balance one percent and one percent increase in output increases primary balance one
SP_T SP,Y
'SP sp,

T Y

percent. This fact implies that =1. Then, we have:

sp=(14w, )7, +(1+w, )y, +1+2wg 72 +1+2wg vi+(1+w,)?y,

. (A.10)
~w,g, +s.0.tip.+o¢[

Plugging Eq.(A.10) into Eq.(A.9) yields:

_ct—l—(l—l—wg)ﬂ-l—(l-l—wg)yt

B B s, 1,
r’— r’+—c

e3 1--6" 1-p-6" 2"
=(1-6— E

w = ﬁ);‘) 1+w, , l+w

+— Zgytz_(1+wg)ct%,

_(1 T, )Ctyt Tw,c9, + (1 W, )%tyt

+

+t.i.p—|—(||£||3). (A.11)

Second-order approximation of \I/(Rf) is given by:

U(RF) = (R")+,, (R")(R] —RR)-l—%\I/RRRR (r")(R! —R") +of|eT)

—W(R")+ U, (R")R" +%\DRRRR (R)(R™)" (") +o(lel")

(i)

2 > 2
Let define \I/(Rf)E(RR)[ll . Then we have VU, (RR):[L] <RR>U1] = and

v—1
1 V(1)
\IJR’*R” (RR):[ﬁ] [ﬁ] -

previous expression yields:

1 2
(RR)["/l] . Plugging those derivatives into the




Subtracting \I/(RR> from both sides of the previous expression and dividing both sides

[ﬁ]ﬂ]@wwo(nguﬂ
:LA_T¢+§}i{T;%ﬂYﬁY+4mm

v—1 v—1

of the previous expression by that yields:

w@ﬂ—wmw:[l T*+1Pf—TP+

U(R") y—1 2(v—1

R R 2
Plugging \D(Rt\l?(R:Il)<R ):[ il] ftR—|—0<||£||2) into the LHS of the previous expression

yields:

2

(7Y + o[ )

2

n 1 a1
,;R:[ ]rtR+_
2

=

r° from both sides of the previous expression yields:

]

Second-order approximation of R yields:

(2]

[y

(on

(=

-

3]

e}

[

>

(0]
—
2

| =
Iy
N————
N

1V . 1)V, . 1 22 ;
A = w3 ]| @ olier): a2

v—1



R" [R"
R__ o H_ H
Rt _RG+[RG]RH<Rt R )+

R" e 1[R”] 6 o2
—| (R°—R°)+=|=—| (R°—R
RG]RG< t ) 2 RG RGRG< t )

H
o[fe] (e ) ol
RYR®
o ) e 3 o ) (e

—(R?) “RRER + o[

Subtracting R® from both sides of the previous expression and dividing both sides of
the previous expression by that yields:

RE—R* RC|R"[., 1,2 R 1/.6v2] R /2 R .
e e e - )
which can be rewritten as:
i oA 1.
i =7+ osp,+ i +o(lel ),

RF —RF . 1,. . ns  an a
where we use tRR :r;R+o(||§||2> , spt:g@—rf) , P=f"—F and

rf =r" —F°. Subtracting 7° from the both sides of the previous expression yields:

. 1,
RS = spo+ i o€ ).

Plugging the previous expression into Eq.(A.12)
2 2 21?
1 AR A 1 1. 1 1 N
[—] (7 _rfs>:[—7—1] [¢spt +5rf]+5 [—7_1] (#°) +o(lel’)

v—-1 .
e e

Adding [ !
v—1

1) 1)
= —
v—1 v—1

Plugging the previous expression into

2
] Fts on both sides of the previous expression yields:

1+(7=1) oy
2(y 1) )

i+ osp, +

+o(ler).

2
rf= By-1) r* yields:

8 .
1-8-6" (1-8-8)(y—-1)"




3 ;R_ﬁ(v—l)z[ 1 ]zftR
1-3 )

—§" (1-B-8)|y—
]
(1-8-6)v-1
__ B 1+(v- 1)( )
1-p-0 2(y-1)
Plugging Eq.(A.13) into Eq.(A.11) yields:

i+ psp, + +of[¢ ) (a.13)

1+(7=1) o2
2(y 1) )

+of[¢f)

r’ +¢sp, +

—c, —|—(1—|—w )7“} —l—(l—l—wg)yt

+— + osp, +

8
1—3—5|"
g P id +tip+(lef)

w=(1-6-3)) E, T s
t=0

R (T, e,

_(1—|—wg)ctyt+wgctgt—|—(1—|—wg)7“'tyt

op

1-3— 5

B[1+(7—1)2} (fR)2+1C2+1+wg .
)

—(-5-B)2 6| 201 ) 2T i+ (Jef)
= 14w

_|_Tgyt2 —(l-i-wg)th‘t _<1+wg>ctyf

—c, +(14w, )7 + (14w, )y, +

+w,c,g, + (1 +w, )ﬁyt

Plugging Eq.(A.10) into the previous expression yields:



—¢, +(1+w, )7, +(1+w, )y,
(14w, )7 +(1+w, )y,

+1—¢}%5 +14w, )7+ (14w, )y
+H14w, )y, —w,g,

N 6[1+(7—1)2}
(1_6_5)20}"‘+z(1-5—5)<7_1)2
1tw, ., 14w .

+ 2 th+ 2 gytz_(l—i_wg)ctTt

_(1+wg)ctyt +w,c0, -l—(l-l—wg)%tyt

w

(7Y +%c3 +tip-+(J¢[)

,.,
Il

(1+wa)w¢> A <1+wg>w¢

—C, + 150 T, + 1-5-5
1 2 (1+wa)w¢ A2 <1+wg>w¢
+2Ct+2<1_/8—6>7—t+

e 6[14‘(7_1)2} AR \2 . 3
:(1_5_5);;&"+2(1—6—6)(7—1)2 %) i (i)

_(1 + Wy )Ct%t - (1 + Wy )Ctyt + wgctgt

1
(1i;g—)? i

Ye

2

2(1-&—5)”

, (A.14)

|
with w, =1-3(1—¢)—6.

Second-order approximation of the market clearing Y, =C, +G, is given by:

1 1 .
Y(C.,G,)=Y+ YCC[ct —i—ch] +Y,Gg, +§chczct2 +VY,.CGe,g, +s.0tip+ o(||§| 3)’
which can be rewritten as:

005 2

¢l —0,69, +s.0tip+ o<||§|

Yy =06 +059, +

')
C Y. C G
where we use YC7:— < —g., YGVZO'G and Y, =-—C".

c

Iterating the previous expression forward yields:
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0c06

0= ZﬁtEo [—yt +o.6 +0.9,+ Ct2 —JGCtgt]—i— ti.p+ O(||§||3) . (A.15)
t=0

Second-order approximation of Eq.(23) in the text is given by:
o0 — — 1 — — .
VZKEJTQth—ﬁm+E@ﬁp—ﬁ;ﬂ+mp+omﬂﬂ,MJQ
t=0
with:

ke = —0.C, + 0.9, +mc,, (A.17)

ffo.=—0sc, +04g,. (A.18)

Second-order approximation of Eq.(25) in the text yields:

. 1
mc, =c¢, +py, + 1_77t —(1+¢)a, —1—565 +%yf
1+2¢ ), o
T< 6T>Tt2 +@CY, +E.CT, _<1+90)Ctat , (A-19)
2(1—7)

+o(p—1)y,a, + ey, T, — (e, + ) F,0, +s.0.tip.+ o(||§||3>

. _MC_1 MC. 1 _MC, T _MC, T
with ¢ =—7—, ¢, , Ey=—2— and ¢, =
mc MC, MC, B

T

where we use

Eq.(22) in the text to eliminate n,.
Plugging Eqgs.(A.17)—(A.19) into Eq.(A.16) yields:

¢, + oy, +1%ﬂ —(14¢)a, +o.cl +¢7y;
T[(l_zzi_Tz;THT] 7 +e(l+oc)ay,
v= miﬁtEo + (- Tl)iC: T ¢t —(14+¢)(1+0.)ca, +s.0.ti.p.+ o(||$||3) :
ary
togcg+ AL _lT_)i” Y ey —20m0, v,
C(1=7)(e +90)+T(1+90)7Atat LT ey
1-7 1—71 J

(A.20)

Second-order approximated period utility U, =u(C,)+v(N,) with u(C,)=InC, and



LN}“ is given by:
1+¢

<
—
=
S~——

Il

P 1-0, +(1+¢)(1—<1>)

2. —|—t.i.p.—|—o(||§||3),

(ytz—Zytat)

V(€M) —U(EN) o=1- and ztln{flle—(’)‘ di]where we use
u,C Ue °l R

-1

n=y, +z +a,, nf=yt2+2ytat—s.o.t.i.p.+o(||§||3) and %:O’C _

Iterating the previous expression forward yields:

eS o (1-®)e (1+¢)(1-9) _ 3
u= ;ﬁon la—cyt o o+ o, (v2 —2v.a,)|t +tip.+o[[¢l ), (a21)
where we use iﬁtzt :iﬁtiﬁ :

t=0 o 2K

In the first order, Egs.(A.21), (A.14), (A.20) and (A.21) are given by:

— t @ . 2
u=> B, [—yt] +t.i.p. —i—o(||£|| ) (A.22)

t=0 O¢

(1+wg>w@ . (1+wg>w0 ) )
.+ ‘ Ly —l—t.l.p+(||§| ) (A.23)

w:(l—é—ﬁ);Eo 15— 7+ 3%

v=rd B, {ct +y, —|—iﬁ}+t.i.p. +o(¢f), (a.24)

t=0

0= 0%, (-, + o)+ tip+ of I
t=0

2), (A.25)

where we ignore exogenous variables.
We formalize to eliminate y, on Eq.(A.22) as follows:

P <1+w )w@
— =0, 1 0,p-06,,
O'C 1 1—5—(5 ZSO 3

<1+wg)w® T
Y1-5-6 +®21—T’

0=0

0=-06,+0,+0,0,,

10



where ©,, O, and ©, are undetermined coefficients.

By solving the system, we have:

0, :M , 0,=— — and
=, =

o, :_@[T(l—ﬁ—é)—|—(1—T)wm(1+wg>} ’

‘_‘OO-C

with =, Ew@<1+wg)[Tac —(1—7)(1+UC¢)]—T(1—B—6) .

=~ P
ZﬁtEo [—yt] on Eq.(A.22) can be expressed by using Egs.(A.23), (A.24) and (A.25) as
t=0 O¢

follows:

11



ZBtEO [gytJ =0,(1-6- (5)_1 w+O,k
t=0 O¢

1 2 (1+wg)wc‘> ~2

<1+w> 5

27

2(1—5—6)Tf
BlL+(y—1)] (
—B=6)(y-1)
<1+cug>cuqj
1-06-6

"

+wgctgt —+

~

TVt

T[(l—

21-6— 5)yt

) —(14w,)e?, — (14w, ey,

7)(1-2¢, )+T]T 2 4 o1+0,)cy,

ol + oyl +

+(1 T)ec -l-TO'C
1-71

o[(1-7)ey +T]
1-7

-0, Z B'E,
t=0

_|_

C(A-T)(ea )+ T(1+)

2(1—7)

—(14¢)(1+0.)ca, +0.c,

TV, —2py,a, +0,0Y,9,

. 05T 4
Ttat +

1-7

0.0
c¥G 2
¢, — 0500,

-0 ZﬁfE [

0, (14w, )w,
2(1-6-7)

ﬁ@l [1+(’7 _1)2}

= +0,¢°

1—Tﬂ%

]+wup+omﬂﬂ

v +

PIF R Ty
-> o0, {+]-0
o +(®1wg +6,0,—
+0,0,6y.9,

|
S BET, Y, +tip.+ofJ¢]

t=0

with:

12

(14 w,)+6,0(1+0,)|cy, —20,0v,0,
Oega)ctgt _@2 (1+90)(1+0-C)Ctat

2
~R
()

')




~

TVt

®1<1+w w, ngo[(l—T)aN—l—T]
1-3—6 1—7

+1_@1 <1+Wg>+ @ZKl_T)gC +TJC]}Ct7A't

1-7

0,[(1=7)(es+¢)+7(1+)]

B fa i 0,0, . @ZT[(I—T)(I—ZaT)+T]7A_

1—7 1—7 2(1_7)2

T,=0,(1-8-6) "w+O0,5 'v.

We set gN:_@1(1—7)(14—%)%+@2750(1—ﬁ—5) , €C:—_®1<1+w9)
O,p(1-p-06)(1—7) e,
€ =— ! and 5A:—T+90.Then, T, =0 sothat:
2(1—7’) 1—71
St x| i Bt L
Bo|—V, == Eo|uyi —2(Q Q f
2 °[acyf] O G rar el
+T, +-+o(J¢[])
with:
0, (14w, )oiw, +(1—3-0) Orl1=27c)+ O
w, |0 , — 0 —
- 1 g)%c%s +20, @2<go(ac(1+g0)+1>+1)—@1wg}
e 202 (1——9) ’
0 :@1{JG—JC[(1+%>UG—|—wg]}+acae[@2(1+g0)+@3(1+06)]

2 2
20,

a 0,200+ (1+¢)(1+0,)]

3

20,

Plugging the previous expression into Eq.(A.21) yields:

)+(1_q)>5 2 ﬁ@1[1+<7_1)2} ("R)z

20— 5-8)(r—1) " |,

u=—S"E Qi —2(Q,9, + Uy,
;0 17t 27 tIt 37ttt ZK'IO'C

+7 +-+o(J¢[)

13



with ©, =0, +W and Q, =0, +W, which can be rewritten
20, 20,
as:
2
9 * (1_(1))5 2 661[1—'—(7_1) } ~r\2 3
u==2 By — BV 1+, ++o(|¢lf ),
; ° l(yt yt) 2K0, i 2(1_5_5)(7_1)2(f ) 0 (”5“ )

rewritten as:

o= lt) T soflT).

with:
A e A s A e
="y~ )+ e (i 7

t t

which is Eq.(30) in the text.

A.2 Derivation of Second-order approximated utility function without
Default Risk
Let define:

W/ => B'E,C 'SP, (A.26)

t=0
with W/ =¢,'R_,I'(—sp,)B,_,I1,". (A.27)
Second-order approximation of Eq.(A.26) is given by:
w! = <1—ﬁ>[—ct +op+ —ctspt]wa (wl.).
Iterating the previous expression yields:

o :(1_5>§:5t [_Ct +sp, +%Cf —CISPI]“‘O(”g"s)

f

with @’ =w,.

Plugging Eq.(A.10) into the previous expression yields:

14



—¢ + (14w, )# + (14w, )y, +%cf

&S 1tw, ., 14w, ., R
@ =(1= )35 2+~ (L, e+ (| ) (A.28)
t=0

_(1+w9)cryt W, G, +(1+w9)7tyt

In the first order, Eq.(A.28) is given by:

el :(1_g)i5f —¢, + (14w, )? + (14w, )y, +%cf
t=0

+of[¢ff ). a.29)
We formalize to eliminate y, on Eq.(A.22) as follows:

2:@{(1+wg)+@£90—@§, (A.30)
g

c
_of F_T
0=0/ (1+wg)+@2:, (A.31)

0=-0](1+w,)+6] +0Ojo, (A32)

where ©f, ©f and @§ are undetermined coefficients on Eqgs.(A.29), (A.24) and

(A.25), respectively. Solution of the previous system yields:

o =27,
=0
o :_@(l—Tr)El—f—wg)
=0
o :_<I>[7'—|—(1—7')<1+wg)]

=f

=0

with =! E(1+wg>[TUC —(1—7)(1+0Cg0>]—7'.

e d
E ﬁtEo [—yt] on Eq.(A.22) can be expressed by using Egs.(A.29), (A.24) and (A.25) as
t=0 O¢

follows:

15



> B, [gyt]:@{ (1-6-6)" o'+ v
g

1 1+w, ., 1+ .
e i e e

t=0 +w,C,g, (1+wg)ﬂyt

TK1—7X1+25)+T]

occ + Y+ 1) ; te(ltoc)ey,
1_
- +( m)ee +70 ¢t —(1+¢)(1+0.)ca, + 0,69,
-0)> B, 1-7
t=0 @Kl Tk‘+7]
+ - TV, —20Y,0, +054Y,9,
1
C(1-7)(ea+ o) +7( +(’0)ﬁ0t+ %T ;g
1—71 1—
O[3 | 75 - 0se | +tipoflef)
o (1+w f
d . g)+@§goz % +G; 0o, + 229 |2
==Y B {+]-0! (1+w,)+OLp(1+0c)|yic, —20,0.0,

—|—(@{wg +6lo, —UG@g)ctgt —0) (1+¢)(1+0.)ca,

+010,0y.9,

“SOBET YL+ it o()

with:
O)p|(1—7)ef + of[(1—7)el +
T/ =|6](1+w, )+ tela=r)e %tyt+{6{(1+wg)+ d Sk ¢F,
1-7 1-7
ofla-r)eh+o)+7(1+9) . e,  O[a-r)(1+2e0)+7]
- Ttat+ 2o Ttgt+ 2 T4
1-7 1-7 2(1—7)
, Y=0/(1-8-6) "=’ +0lx v.
/1-7) 14w, )+06! o (1+
We set 552— 1( T)f< wg) 2T¥ , 55:_M’ 57{:— 1 and
Olp(1—7) A 2(1—7)

16



el = TP Then, T/ =0 so that:

A 1-7

3>’

[e] @ x o ~
EﬁtEo [O_—yt ] = _ZEO [Q{ytz - Z(ngtgt + Qgytat )] + Té + +O(”€|
t=0 c t=0

with:
af = of [<1+wg>ag —i—(l—ZUc)}—i—@gUGUC + 20, [@£ (gp(dc (1+g0)+1)—|—1)—@{wg]
L= 205 ’
o = @§ {O'G —0, [<1+wg>06 +wg}}+acae[@§ (1+g0)—|—@§ (l—I—UG)]
2= 205 '
o E@§[20C90+(1+g0)(1+06)].

20,

Plugging the previous expression into Eq.(A.21) yields:

u= —i E,
t=0

3)'

1-9
oty ~2(0fya + 9y )+ 2o x4 1ofl

c

- — ~ 1 1-9
with Qf =/ +W and Q= +M, which can be rewritten
20, 20,
as:
_ N f f, (1=P)e 3
u——;EO QA (y, —y! >+W7rf +TO++0(||§| )
f i
with y/ EQ—;gt +Q—iat. Let define A/ =20 . Then, the previous expression can be
1 1

rewritten as:

u= —ZOC:EO (d)+71]+ +o(||§|

t=0

with:

3),

A 2 A
Lt 57y<yt_ytf) + 27T 7th:

which is Eq.(32) in the text.
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